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92 PROBLEMS AND SOLUTIONS. [Feb., 

satisfy the equation 

£ x* = or Y. | /a* + -• j + 1 = 0. (1) 

By the substitution of 2/ for a; + 1/x this equation in its second form may be reduced to 1 

y 5 + V 1 - 4^ - 3y* + Zy + 1 = 0. (2) 

By taking k = 1 it will be seen that one root of (2) is 

j/ = 2cos|^ = 2-4 sin 2 ^- = 2 - S 2 , or - S 2 = z = y - 2. 

Eeducing by 2 the roots of (2) by synthetic division we obtain the equation for z 

z 5 + llz 4 + 44z=> + 77z 2 + 55z + 11 = 0. 

If we now substitute — <S 2 for z and group the terms of the resulting equation we find 

Sio _ 22S 6 + 121S 2 = 11(S 8 - 6S 6 + 7<S 4 + 6<S 2 + 1) 

which may be written 

S 5 - 1LS = ± (S* - 3S 2 - 1)VH.- 

Since the quantity in the parenthesis is negative for S = 2 sin 7r/ll, the positive sign must be 
chosen. This gives the result 

S s - (S* - 3S 2 - 1) VII - IIS = 0. 

Also solved by T. M. Blakslee, J. S. Brown, J. B. Faught, and A. V. 
Richardson. 

2S66 [1920, 482]. Proposed by NORMAN ANNING, University of Michigan. 

Equilateral triangles whose sides are 1, 3, 5, 7, • • • are placed so that their bases he corner to 
corner in a straight line. Show that the vertices lie upon a parabola and are all at integral dis- 
tances from its focus. 

Solution by G. W. Smith, University of Kansas. 

If the base line of the triangles is taken as the x-axis and the j/-axis is made to pass through 
the vertex of the first_ triangle of the series, the coordinates of the vertices of the triangles are 
(0, ± JV§), (2, ± f\3), (6, ± f V3), • • •. _The vertex of the nth triangle is given by the equa- 
tions x = n(n — 1), y = ± \{2n — l)/2] V3. Eliminating n from these, gives y 2 = 3(x + |), a 
parabola whose focus is (J, 0). The distance from the vertex {n 2 — n, [(2n — l)/2] V3} to (i, 0) 
is n 2 — n + 1 which is integral. It is worth noticing above that the second difference in the 
abscissas of the vertices is constant while it is the first difference in the ordinates that is constant, 
a property of the rational integral function of the second degree, such as x is of y. 

Also solved by W. E. Anderson, T. L. Bennett, Augustus Bogard, H. C. 
Bradley, E. F. Canaday, P. J. da Cunha, J. F. Dove, L. H. Dube, W. C. Eells, 
J. B. Faught, Michael Goldberg, A. M. Harding, Lesta Hoel, G. R. 
Livingston, Gertrude I. McCain, I. Maizlish, E. W. Martin, L. C. 
Mathewson, H. L. Olson, Arthur Pelletier, R. V. Pritchard, R. V. 
Richardson, and T. O. Walton. 

1 See Burnside and Panton, The Theory of Equations, eighth edition, vol. 1, 1918, p. 90 where 
the necessary reductions are given; on page 100, ex. 3 the resulting equation (2) is also given. 



